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Abstract. We obtain new results on Fourier multipliers for Dirichlct-Hardy 
spaces. As a consequence, we establish a Littlewood-Paley type inequality which 
yields a simple proof that the Dirichlet monomials form a Schauder basis for 
p > 1. 



1. Introduction 

The Dirichlet-Hardy spaces Jrff p were first explicitly studied in the papers [21 E]- 
(We refer to these papers for full details of the discussion in this section. See 
also [6] for some historical remarks.) For p = 2, they consist of Dirichlet series 
XlneN a rJ^ s with square-summable coefficients, where s = a + it denotes the 
complex variable. By the Cauchy-Schwarz inequality, functions in J^f 2 converge 
on the half-plane Cx/ 2 = {a > 1/2}. These spaces connect function space theory 
to analytic number theory. A striking illustration of this connection is given by 
the Riemann-zeta function £(s) = J2nen n ~ s ^ na ^ gi yes the reproducing kernel of 
M' 2 . Indeed, the function k w (s) := ((s + w), for Rew > 1/2, has the property 
that (f\k w ) = f(w) for all / G Jrf? 2 , as may be verified by inspection. 

For general p > 0, these spaces are defined to be the closure of Dirichlet poly- 
nomials in the norm 




This norm can be understood as the ergodic theorem on the infinite dimensional 
polydisk T°°. To briefly explain this, we note that T°° is a compact Abelian 
group with the product of the normalised Lebesgue measures d#j/27r on each copy 
of T as its unique normalised Haar measure d8. It has dual group Zg?, i.e., 
sequences in Z°° with finitely many non-zero coefficients. So by standard Fourier 
analysis on groups, F G 1^(1°°) has a Fourier expansion F ~ a uZ u , where 

fin 

z G T°° and we use multi-index notation. The central observation, essentially 
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called Kroenecker's lemma, is that the path <fr : t i— > (2~ 
is the i'th prime number, is ergodic in T°° = {z = (zi, . 
theorem now says exactly that for continuous functions 



. . . ,p i lt , . . .), where 
: Zi G T}. The ergodic 



lim I — — - 

t^oo \ 2T 



\Fo0(t)\ p dt 



i/p 



|Lp(T°°) 



(2) 



For F with spectral support only in the narrow cone N^, one checks that Focj) is a 
Dirichlet series and that the right-hand side of this formula is exactly (pQ) , provided 
we identify a v with a n when n = p^p 1 ^ 2 ■ ■ ■ ■ (Note that the same argument can be 
made using only the Stone- Weierstrass theorem, see [11]) We define the subspace 
H P (T°°) to consist of exactly these functions. By the uniqueness of prime number 
factorization, the map from H P (T°°) to Jrf? p given by F i— >■ F o has an inverse, 
which is called the Bohr lift in honor of H. Bohr. 

The structure of the paper is as follows. In Section El we use a technique of 
Fefferman to study certain Fourier multipliers on the spaces L P (T°°). These results 
are used in Section [3] to obtain a Littlewood-Paley inequality for the spaces Ji? p : 
for / = XmeN fl n n " s i n ^ v with p > 1 and c > 1, we have 



jt°p — ko + 



1/2 



k>0 log n£(c k ,c k + 1 ) 



s\2 



(3) 



As an application, we observe that the functions {n s } n£ N constitute a Schauder 
basis for the spaces J^ p for p > 1. 



2. Fourier Multipliers 

To state and prove our theorem on Fourier multipliers, we first introduce some 
notation, and review some necessary background. Throughout the section, p > 1. 

A measurable function m : R — > C is called a Fourier multiplier on L P (R) if the 
operator / i — > J 7 " 1 ( m (0 f (0) * s bounded on L P (M.), where T denotes the Fourier 
transform. On the torus T, a function m : Z — > C is called a multiplier if the map 
defined by the relation e int i-> m(n)e mt extends to a bounded operator on L P (T). 
Finally, a function m : Zg^ — > C is called a multiplier if the operator 

a v e iu - e i— > m(z/)a,e i "- 9 

is bounded on L P (T°°). Here we use the notation z = e l6 for a point in T°°. We 
denote the respective operator norms by ||m||jy (x) 5 where X = R, T or T°° as 
appropriate. We refer to the operator of multiplication by m by T m . 

It is well-known that results for multipliers on T may be deduced from those on 
the real line by the method of transference. More specifically, let m : R — > C be a 
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regulated function, i.e., 

m(0 = limi / m{£ + £)dt, V£ £ K. 

The basic result on transference, due to de Leeuw [1] (see Section 3.6.2] for 
proofs), states that if a regulated function m is a multiplier on R, then m restricted 
to Z is a multiplier on the torus. A converse statement also holds. In fact, 

IHU/ P (R) = sup ||m(7-)|| Mp(T) . (4) 

7>0 



Our argument relies in a crucial way on this formula 

To formulate our result, we introduce 
one associates a unique rational number: 



To formulate our result, we introduce some additional notation. For v £ Zjj?, 



r : v i — > r v = Pi ■ ■ -p k ■ 



where pi is the i'th prime number. So, given a function m : Q+ — > C, we obtain a 
function m o r : Z^ — )■ C. In particular, m induces in this way a densely defined 
Fourier multiplier on L P (T°°) by 



m r„ a„e 



fin 



Our multiplier result is as follows: 

Theorem 1. Let p £ [1, oo) and m : IR + — )■ C be a regulated function continuous 
at rational points. Then m o r is a Fourier multiplier on L P (T°°), where r(v) = 

Pi 1 ' ' 'Vk f or v ^ ^fin' z / an d on ^y if m ° ex P is a Fourier multiplier on L p ( 
Moreover, 

\\m o r|| Mp(T oo) = \\m o exp ||m p (k)- 

Proof. We split the proof of the theorem into two parts. 

First, we establish that \\m o r|| a/ p (t°°) < || m ° exp ||m p (R)- Fbc a polynomial 

/=£ 



-'fin 



a„e 1! "* 



Observe that since a polynomial only depends on a finite number of variables, we 
may restrict our attention to L p (T d ), for some d £ N. As a multiplier on L p (T d ), 
we need only consider v £ Z d . Explicitly, we only need to consider the multiplier 

u v+ m(r u ) = m ( e ^ lo e«+-+^ Io sw) ? z/ £ Z ', 

acting on L p (T d ). The idea is to introduce a change of variables on T d so that as 
a multiplier, this function only acts on the first variable. 

To do this, we need to make an approximation. For 5 > 0, choose Q, ai, . . . , a<2 £ 
N so that 



a j i 

g- log ^' 



< 5, for j = 1, . . . , d. 
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We may assume that a% and a 2 are relatively prime (indeed, by the prime number 
theorem, we may choose both a\ and a 2 to be prime), whence there exist qx, q 2 6 N 
so that a\q 2 — a 2 q\ = 1. This ensures that the d x d matrix 





/cti 


«2 


a 3 ■ 










• 


• 


A = 








1 ■ 


■ 




u 





■■ 


• 1/ 



satisfies detA = 1. A fortiori, A -1 also has integer coefficients, whence A : Z d — >■ 
Z d is bijective. Especially, one checks that A induces a bijective and measure 
preserving diffeomorphism on T d = M. d /Z d . 

We next introduce a function defined on v 6 Z d by 



7 "J 



Since m was assumed to be continuous on rational numbers, it follows that for 
any e > small enough, we may choose 5 > sufficiently small in the above 
approximation, so that \M(y) — m(r u )\ < e uniformly on the finite index set 
corresponding to the set of non-zero coefficients of the polynomial /. In particular, 
this implies that we can make \\Tj\if — T mor f\\ LP ^d^ arbitrarily small. In light of 
@, to obtain the desired inequality, we infer that it suffices to prove 

H^WIIlpCt*) < ll^ o exp(Q" 1 -)||M p (T)- (5) 



To verify ([5]) , let us first employ the change of variables 9 = A T 9' to get 



\TMf\\ P LP (jdj 



u)a,,e 



\v-A T e' 



d9' 



5>( 



is)a,,e 



\Au-e' 



d9'. 



If we change indices by v' = Au, and observe that M(u) 



m 



'qv'i/Q) this becomes 



E 



m(e^ /Q )a A -i vl j v ' 



J d9'=[ II 



p d9' 2 d9' d 
Lp(de[) 2ir 2ir 



(6) 

where b v * = b u i (9 2 , . . . , 9' d ) is constant with respect to 9[. This is less than or equal 
to 



\m o 



exp^-MH^T) / II 



d9' 



Im p (t) 



V 

LP(T d ) ' 



Lp(d^) 2ir 2tx 

= \\m o exp(Q _1 - 

which exactly yields the desired inequality (J5]). 

We turn to the second part of the proof, where we establish the inequality 
\\m o exp ||m p (R) < \\ m r \\M p (T°°)- By (j4j), it is sufficient to show that, for every 
7 > 0, we have \\m o exp(7-)|| Mp ( T ) < \\m o r\\ Mp (j^y We now fix a polynomial 
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in one variable. As our idea is to work the previous argument backwards using 
only two variables, we express the polynomial as trivially depending on a second 
variable: 

\n\<N 

Here a( n>m ) is zero for all (n, m) £ N x {0}. 

As in the first part of the proof, we first fix 5 > and introduce a change of 
variables, this time induced by the matrix 



B 



6 + 1 b 
1 1 



Above, the integer b is chosen so large that there exist prime numbers Pj,Pk for 
which 

|7(6 + 1) - logpjl < 6/N, and \jb - \ogp k \ < S/N. 

This is possible, since from the prime number theorem it holds that log(p n+ i/p n ) — > 
when n — > oo. As we have det B = 1, the matrix B induces a measure preserving 
diffeomorphism of T 2 . 

Setting 6 = B T 6' and (n, 0) T = Bis, we get 



2tt 2tt 



Tmoexp(7-)/||£,p(x) ~ J J \ ^ / "^i(e 7 )O(n,0) e 



|n[<JV 



2tt 2tt 

// |Vm(exp(7((6+l)^ + 6v 2 )))aB,e i ^ P<W, <W2 



As v = (n, —n) T , we are only summing over v e Z 2 for which < 2iV. So 
given any e > 0, by choosing 5 > small enough, we make 

|moexp( 7 n) -m(pfp£ 2 )| = | m ( e ^^ 1+6 ^ 2 )) - m(e yilog w +y2logPfc )| < e 

uniformly for indices v so that (Xb v is non-zero. This implies that we only need to 
establish that 



E m(p^p^)a B u^ 

i/gZ 2 



PcMi d^2 , I, ||p || , up 

27r 2 7r - " m r llM p (T°°)H/llLP(T) 



But this is readily seen to hold, as the left-hand side may be interpreted as T mor 
applied to a function F depending on the j'th and /c'th copy of T in T°°, and where 
||F|| LP ( T tx)) = ||/||xj.(t) holds by reversing the changes in notation and variables. □ 



3. Some Consequences and open problems 



In this section we deduce a Littlewood-Paley inequality from Theorem [H and 
also discuss Schauder bases for the spaces M' v . 
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First, we observe how a characterisation due to Marcinkiewicz is inherited by 
multipliers of the form discussed in the previous section. To do this, we recall that 
the total variation of a complex function / on the interval (a, b) is given by 

N 

II/IIbvwo = sup \f( x j) - f(xj-i)\, 

n=l 

where the supremum is taken over all sequences a = xq < x\ < ■ ■ ■ < x n = b. For 
fixed rj > 1, we also use the notation 

[e"\e"* +1 ] k>l. 
[ e -V1 k = 0, 



We now get: 



Corollary 1. Suppose that p G (l,oo) and rj > 1, then there exists a constant 
C > such that for all regulated m : R + — > C that are continuous at rationals we 
have 



\\m o r\\ M < C ||m||i»( ,oo) + sup \\m\\ BV ( Ik) 

Proof. Since m o exp and m have the same sup- norm, and \\m o exp ||BV(»y fc ,?? fc + 1 ) = 
||m||BV(4)j the Marcinkiewicz bound follows immediately from its classical counter- 
part, see [5l Section 5.2.1]. □ 

We also formulate a Hormander-Mihlin type multiplier theorem for p = 1, see 
[9j[7j (a proof is also found in [5l Theorem 5.2.7]). Recall that m : R — > C satisfies 
the Hormander-Mihlin condition if m is continuous and piecewise differentiable on 
R \ {0} with 

IMU°°(K) +sup \xf(x)\ < oo. (7) 

If this holds, then m G M P (R) for any p G (l,oo). In addition, m defines a 
multiplier operator that is bounded from if 1 (R) to L : (R) with norm bounded by 
(j7j). For our purposes it is useful to observe that remains invariant if m is 
replaced by m(A-) for any A > 0. 

Corollary 2. Assume that m : (0, oo) — > C is continuous and piecewise differen- 
tiable. Then 

||mor|| H i (T <x,)_> L i( T cx,) < c( | |m 1 1 i/x^oo) + sup \t log(t)m'(t)| 

^ t>e 

Proof. The condition of m ensures that it can be modified on (0, e) so that it 
satisfies © on R. Hence T moexp : H 1 — > L 1 is bounded in one variable with the 
stated bound. The case p — 1 of the proof of Theorem [1] now applies without 
changes. One simply needs to observe that after the change of variables, the 
assumption / G i/ 1 (T°°) implies that a^-i u i — if V\ < 0, whence the one- 
dimensional multiplier m(e Vl ^) is applied only to analytic functions. □ 
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We proceed to obtain a Paley-Littlewood type of theorem for L P (T°°) as a 
consequence of Corollary [TJ Fix a rational number rj > 1, and consider intervals 
I k as above. For / = XLfz°° a u^ lv ' e in L P (T°°), define the square function 

fin 

» x 1/2 

s(j)= (£|/*(*) 

V k 

where 

/*(*) = £ aj v ' e . 

v. r u £l k 

The following result is clearly the most interesting in the special case of J$? p , which 
we stated as formula (j3J) in the introduction. 

Corollary 3. Suppose that p G (1, oo), and that r\ > 1 is a rational number. Then 
there exist constants such that for all f G L P (T°°), we have 

||/||£P(T°°) — \\S(f)\\ L P(J^)- 

Proof. We apply a standard argument. Define m e = J2 ke z e kXi k f° r given e G 
{— 1, 1} Z . By Corollary [TJ there exists some C7 > 0, independent of e, such that 
\\ m e ° r IU/p(T°°) < C- Here, m e is made regulated by defining it appropriately 
on the endpoints of the intervals If.. This has no effect on the operator T me0r 
as the endpoints are irrational. Next, since T m<i0r T me0r = Id, we obtain for any 
g G L P (T°°) that ||T me0r g||LP(Tr°°) — IIs'IIlp^ 00 )- This holds uniformly in e. The 
corollary now follows by averaging over e and invoking Khintchine's inequality [5, 
p. 435]. ~ □ 

This result should be compared to a Paley-Littlewood inequality obtained from 
martingale theory. Indeed, a function / G L P (T°°) may be considered as a mar- 
tingale {/(at)} with respect to the filtration induced by the increasing sequence 
of cr-algebras corresponding to the sequence {T^jArgN. The function /(jv), also 
called the conditional expectation, is obtained from / by integrating away all but 
the N first variables (see, e.g., [8] where these are called the W:te Abschnitt'). 
A Paley-Littlewood inequality is now obtained as a direct corollary of the classi- 
cal Burkholder's square function inequality [3] (see also [5j Theorem 5.4.7]). Set 
Ajv/ = /jv - fu-i- Then 

ll/IU^^IKElA^I 2 ) 1 ^!!^^. ( 8 ) 

Actually, the same argument that was used to prove Corollary [3] yields (JHJ) without 
using probability theory (this observation was applied in [TJ). 

In the following corollary, we consider the functions l,2~ s ,3~ s , .... It is clear 
that they form an orthogonal basis in Jif 2 . Luckily, they also yield a natural basis 

Corollary 4. Suppose p G (1, oo). Then the functions n~ s , n = 1, 2, . . form a 
Schauder basis for J$f p . 
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Proof. By the density and independence of these functions, and standard Schauder 
basis theory, it suffices to establish that the truncations J^nLi a n n~ s >->■ ^2^=1 a nn~ s 
are bounded on uniformly with respect to N. Let a G (0, 1/2) be an irra- 
tional number. According to Corollary [Tj, the indicator functions of the intervals 
(0, N + a) yield uniformly bounded multipliers on L P (T°°). The result follows. □ 

Although we have not been able to find this result stated explicitly in the lit- 
erature, we indicate how it can be deduced from [TQl Theorem 8.7.2]. This result 
deals with the space L P (G), where G is a compact abelian group that has a dual 
T which admits an order relation P. I.e., P is a subset of T such that 

PU(-P) = I\ and ?n(-?) = {o}. 

Under any such order relation one can define sgn (7) G { — 1,0,1} according to 
whether or not 7 is in P or is in {0}. With this, the statement is that the Hilbert 
transform 

T P : ^2 a 7 e 7 1 — ► -i sgn ( 7 ) e ^ 

is bounded on L P (G), where e 7 is the Fourier character corresponding to 7 G T. In 
particular, P = {v : log 77 < 0} is an order relation in the dual of T°°. Hence 
the corresponding Riesz projection Rp, where Rpe 1 := X{r 7 >o} e 7> is bounded on 
L P (T°°). If r — > v(r) is the inverse of the map r, we obtain uniformly in N 

I a " n 

n<N 

for functions f(s) = X]neN a ™ n_s * n '• & bove, it follows immediately that 
{n~ s } is a Schauder basis for Jif p when p > 1. 

We end with the following open questions which may seem innocent, but they 
could be somewhat hard taking into account the quite intractable and mysterious 
nature of the spaces Jf? p for p 7^ 2 as discussed, e.g., in [TT] . 

Question 1. Does Jif 1 have a Schauder basis? 

Question 2. Does ^ p have an unconditional basis if p G (1, 00) \ {2}? 
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